Let X be an algebraic variety with a generically free action of a connected algebraic group G . Given an automorphism φ : G → G , we will denote by X φ the same variety X with the G -action given by g : x → φ(g) · x. We construct examples of G -varieties X such that X and X φ are not Gequivariantly isomorphic. The problem of whether or not such examples can exist in the case where X is a vector space with a generically free linear action, remains open. On the other hand, we prove that X and X φ are always stably birationally isomorphic, i.e., X × A m and X φ × A m are G -equivariantly birationally isomorphic for a suitable m ≥ 0 .
Introduction
Throughout this note all algebraic varieties, algebraic groups, group actions and maps between them will be defined over a fixed base field k . By a G-variety X we shall mean an algebraic variety with a (regular) action of a linear algebraic group G. A morphism (respectively, rational map, birational isomorphism) of G-varieties is a G-equivariant morphism (respectively, rational map, birational isomorphism).
Given an automorphism φ of G, we can "twist" a group action α : G × X −→ X by φ to obtain a new G-action α φ on X as follows:
Note that the new action has the same orbits as the old one. If X is a G-variety (via α) then we will denote the "twisted" G-variety (i.e., X with the G-action via α φ ) by X φ . Now suppose that the action α of G on X is generically free, i.e., that there exists a G-invariant open dense subset U of X such that the stabilizer of every geometric point of U is trivial. In this paper we will address the following question: φ are isomorphic via x → h · x. In particular, X and X φ are always isomorphic if G has no outer automorphisms, e.g., if G is the full symmetric group S n (n = 6) or if G is a semisimple algebraic group whose Dynkin diagram has no non-trivial automorphisms; cf. [10, Theorem 25.16] . The latter class of groups includes every split (almost) simple algebraic group, other than those of type A n , D n and E 6 ; cf. [10, Sections 24A and 25B] .
Secondly, the G-invariant rational functions for X and X φ are exactly the same, i.e., k(X)
Recall that the inclusion k(X) ⊂ k(X) G induces a dominant rational map π : X X/G, which is called the rational quotient map. The k -variety X/G is defined (up to birational isomorphism) by the condition k(X/G) = k(X) G ; cf. [13, Section 2.4] . Thus (1) can be rephrased by saying that a rational quotient map π for X is also a rational quotient map for X φ . The main results of this note are Theorems 1.2 and 1.3 below.
Theorem 1.2.
Let X be a generically free G-variety and φ : G −→ G be an automorphism of G. Then the G-varieties X and X φ are stably birationally isomorphic. More precisely there exists an integer m ≥ 0 and a G-equivariant birational isomorphism
commutes.
Here A m is the m-dimensional affine space with trivial G-action, and the vertical map on the left is the composition of the projection X × A m −→ X with the rational quotient map X X/G (similarly for the vertical map on the right).
Let n ≥ 3 and let φ be the (outer) automorphism of G = PGL n given by g −→ (g −1 ) transpose . Assume the base field k contains a primitive nth root of unity. Then there exists a generically free PGL n -variety X such that X and X φ are not birationally isomorphic over k .
This gives a negative answer to Problem 1.1. The question of whether or not similar examples can exist in the case where X is a vector space with a generically free linear action of a connected linear algebraic group G, remains open.
The no-name lemma
Recall that a G-bundle π : E −→ X is an algebraic vector bundle with a G-action on E and X such that π is G-equivariant and the action of every g ∈ G restricts to a linear map π −1 (x) −→ π −1 (gx) for every x ∈ X . Our proof of Theorem 1.2 in the next section will heavily rely the following result.
Lemma 2.1.
(No-name Lemma) Let π : E −→ X be a G-bundle of rank r . Assume that the G-action on X is generically free. Then there exists a birational isomorphism π : E X × A r of G-varieties such that the following diagram commutes
Here G is assumed to act trivially on A r , and pr 1 denotes the projection to the first factor.
The term "no-name lemma" is due to Dolgachev [4] . In the case where G is a finite group, it is a variant of Hilbert's Theorem 90 classically known as Speiser's Lemma [21] ; for a modern treatment, see [5, Proposition 1.1], [9, Proposition 1.3] or [20, Appendix 3] . In the case where the base field k is algebraically closed, char(k) = 0, and G is an arbitrary linear algebraic group, to the best of our knowledge the no-name lemma first appeared in [1] , [6] . For a detailed proof in this setting, see [2, Section 4] .
In the sequel we would like to use Lemma 2.1 in the case where k is not necessarily algebraically closed. With this in mind, we will prove a more general variant of this result (Proposition 2.3 below). For the rest of this section we will work over an arbitrary base field k .
Remark 2.2.
Suppose G is a group scheme of finite type over k , X is an arbitrary quasi-separated scheme (or algebraic space) over k on which G acts (quasi-separated means that the diagonal embedding X → X × Spec k X is quasicompact; this is automatically satisfied when X is of finite type over k ). Assume further that the G-action on X is free, i.e., that the stabilizers of all geometric points of X are trivial (as group schemes). Equivalently, the morphism G × Spec k X −→ X × Spec k X defined in functorial terms by (g, x) → (gx, x) is categorically injective (i.e., it is injective on geometric points and unramified). Then, by a result of Artin [8, Corollaire 10.4] , the quotient sheaf X/G in the fppf topology is an algebraic space, and G × Spec k X = X × X/G X . There is a Zariski open dense subspace V ⊆ X/G that is a scheme ( [7, Proposition 6.7] ); if U is the inverse image of V in X , then the restriction U → U/G = V is a G-torsor (i.e. a principal G-bundle in the fppf topology, cf. [3] ). In the case where X is a k -variety, this is a the rational quotient map, i.e., k(U/G) = k(X) G ; cf. [13, Lemma 2.1].
Proposition 2.3.
Assume that G is a group scheme of finite type over k , acting on a quasi-separated k -scheme X , with a non-empty invariant open subscheme on which the action is free. Let E be a G-equivariant locally free sheaf of rank r on X . Then there exists a non-empty open G-invariant subscheme U of X , such that the restriction E | U is isomorphic to the trivial G-equivariant sheaf O r U . To see that Lemma 2.1 (over an arbitrary base field k ) follows from Proposition 2.3, recall the the well-known equivalence between the category of Gequivariant vector bundles on X and the category of G-equivariant locally free sheaves on X . One passes from a G-bundle V → X to the G-equivariant locally free sheaf of sections of V ; conversely, to each G-equivariant locally free sheaf E on X one associates the spectrum of the sheaf of symmetric algebras of the dual E ∨ over X . Note also that in the course of proving Lemma 2.1, we may assume without loss of generality that X is primitive, i.e., G transitively permutes the irreducible components of X (equivalently, k(X)
G is a field). Indeed, an arbitrary G-variety X is easily seen to be birationally isomorphic to a disjoint union of primitive Gvarieties X 1 , . . . , X r , and it suffices to prove Lemma 2.1 for each X i . On the other hand, if X is primitive, then every non-empty G-invariant open subset is dense in X . This shows that Lemma 2.1 follows from Proposition 2.3, as claimed.
Proof of Proposition 2.3. After replacing X by a non-empty open subscheme we may assume that the action of G on X is free. By passing to a dense invariant subscheme of X , we may assume that X/G is a scheme, and X → X/G is a G-torsor; see Remark 2.2. By descent theory, the G-equivariant sheaf E comes from a locally free sheaf F on X/G; see, for example, [22, Theorem 4.46] . By restricting to a non-empty open subscheme of X/G once again, we may assume that F is isomorphic to O r X/G . Then E is G-equivariantly isomorphic to O r X , as claimed.
Remark 2.4.
The same argument goes through if the base field k (or, equivalently, the base scheme Spec(k)) is replaced by a algebraic space B , so that X is defined over B , and the group scheme G is assumed to be flat and finitely presented over B .
Proof of Theorem 1.2
We will prove Theorem 1.2 in two steps: first in the case where X = V is a generically free linear representation of G, then for arbitrary X .
Step 1: Suppose X = V is a generically free linear representation of G. Let m = dim(V ). By the no-name lemma, there exist G-equivariant birational isomorphisms α and β such that the diagram
Step 2: Suppose X is an arbitrary generically free G-variety. Let V be a generically free linear representation of G and p : X × V −→ V be the projection onto the second factor. By the no-name lemma, X × V is birationally isomorphic to X × A m ; this yields a dominant rational map of Gvarieties X × A m V , which we will continue to denote by p. After replacing X by X ×A m , we may assume that there exists a dominant rational map p : X V . We now consider the commutative diagram
where the vertical arrows are rational quotient maps. We claim that X is birationally isomorphic to the fiber product X/G × V /G V , where the G-action on this fiber product is induced from the G-action on V (in other words, G acts trivially on X/G and on V /G). In the case where k is an algebraically closed field of characteristic zero, this is proved in [14, Lemma 2.16] . For general k , choose an open invariant subscheme U of V such that G acts freely over U , the quotient U/G is a scheme, and the projection U → U/G is a G-torsor; see Remark 2.2. By restricting X , we may assume that the morphism X → X/G is also a G-torsor, and that X maps into U . Then we get a commutative diagram
where the columns are G-torsors and the top row is G-equivariant. Any such diagram is well known to be cartesian; this proves our claim.
This completes the proof of Theorem 1.2.
Remark 3.1.
Our proof shows that the integer m in the statement of Theorem 1.2 can be taken to be the minimal value of 2 dim(W ), as W ranges over the generically free linear representations of G.
Examples where
G is more accessible because it has a natural interpretation in terms of Galois cohomology. In this section we will to show that in many cases X and X φ are, indeed, birationally isomorphic over K (and thus over k ).
Let X be a primitive G-variety. Recall that X is called primitive if G transitively permutes the irreducible components of X ; see Section 2. That is,
G is a field or equivalently, if the rational quotient variety X/G is irreducible. As we saw in Remark 2.2, after replacing X by an open G-invariant subvariety we may assume that the rational quotient map π : X X/G is regular and is a G-torsor. Hence, the G-action on X gives rise to a Galois cohomology class in H 1 (K, G), which we shall denote by [X]; cf., [18] , [12] .
An automorphism φ of G induces an automorphism φ * of the (pointed) cohomology set φ is given by (y, g) −→ (y, φ(g)). In particular, if G is a special group, i.e., H 1 (K, G) = {1} for every K/k , then X and X φ are birationally isomorphic for every generically free Gvariety X . Examples of special groups are G = GL n , SL n , Sp 2n ; see [19, Chapter X].
The following lemma extends this simple argument a bit further.
Lemma 4.2.
Let X be a primitive generically free G-variety and
, where G 0 is a closed subgroup of G such that φ | G 0 = id : G 0 −→ G 0 . Then X and X φ are birationally isomorphic as K -varieties.
Proof.
Let i : G 0 → G be the inclusion map. The commutative diagram
of groups induces a commutative diagram of cohomology sets
Since Let k be a field of characteristic = 2, n be a positive integer, a 1 , . . . , a n ∈ k * , q(x 1 , . . . ,
be a non-degenerate quadratic form and φ be the automorphism of the special orthogonal group SO(q) given by
Then X and X φ are birationally isomorphic over K = k(X) SO(q) (and hence, over k ) for any irreducible generically free SO(q)-variety X .
We remark that if n is odd then φ is an inner automorphism; indeed, φ(g) = (−h)g(−h) −1 and −h ∈ SO(q). In this case a K -isomorphism between X and X φ is given by x → (−h) · (x). Thus the above lemma is only of interest in the case where n is even; however, the argument below is valid for every n ≥ 1.
Let
n be the subgroups of diagonal matrices in SO(q), O(q) respectively, and i : D 0 → SO(q), j : D → SO(q) be the natural inclusion maps. Note that φ restricts to a trivial automorphism of D 0 . Thus, in view of Lemma 4.2 it suffices to show that i * :
of algebraic groups and the induced commutative diagram
in cohomology. The top row is an exact sequence of abelian groups; H 1 (K, D 0 ) can thus be identified with the kernel of the product map p : (
) is in a natural 1-1 correspondence with isometry classes of n-dimensional quadratic forms q and that j * takes (
) is in a natural 1-1 correspondence with isometry classes of ndimensional quadratic forms q such that q has the same discriminant as q , and i * takes (b 1 , . . . , b n 
n ; cf., [10, Section 29 .E] or [18, III, Appendix 2, §2]. It is clear from this description that both i * and j * are surjective.
We will now assume that the base field k is algebraically closed (and still of characteristic = 2). In this case, up to isomorphism, there is only one non-degenerate quadratic form q of each dimension n ≥ 1, so we will set q(x 1 , . . . , x n ) = x Let k be an algebraically closed base field of characteristic = 2 and let X be a generically free SO n -variety defined over k . Then X and X φ are birationally isomorphic over K = k(X)
SOn for every automorphism φ of SO n .
If n = 1 then the group SO n is trivial, and there is nothing to prove. If n = 2 then SO n is isomorphic to the 1-dimensional torus G m . Since this group is special (see e.g., [18, Proposition X.2]), in this case the proposition follows from Example 4.1.
We may thus assume that n ≥ 3. As we remarked in the introduction, we are allowed to replace φ by φ = φ • inn h , where inn h denotes conjugation by h ∈ SO(q); indeed, X φ and X φ are isomorphic (over K ) via x → h · x. For this reason we will be interested in the group Out(SO n ) of outer automorphisms of SO n .
Since SO n is semisimple for every n ≥ 3 (in fact, it is even simple, unless n = 4), we have
where Dyn(SO n ) is the Dynkin diagram of SO n ; see [10, Theorem 25.16] .
If n = 2m + 1 ≥ 3 is odd, then SO n is a simple group of type B m . In this case Dyn(SO n ) has no non-trivial automorphisms and thus Out(SO n ) = {1}. In other words, φ is an inner automorphism, and the proposition follows. Now suppose n = 2m ≥ 4 is even. Recall that SO 4 is a semisimple group of type A 1 + A 1 , and SO n is a simple group of type D m for any n ≥ 6. In both cases | Aut(Dyn(SO n ))| = 2 and thus | Out(SO n )| ≤ 2. On the other hand, it is easy to see that the automorphism φ defined in (3) is not inner. Thus | Out(SO n )| = 2, and after composing φ with an inner automorphism, we may assume that either φ = id or φ is as in (3) . In the former case the assertion of the proposition is trivial, in the latter if follows from Lemma 4.3.
Proof of Theorem 1.3
Recall that elements of H 1 (K, PGL n ) are in a natural 1-1 correspondence with (i) generically free PGL n -varieties X , with k(X) PGLn = K , up to birational isomorphism over K , or alternatively, with (ii) central simple algebras A/K of degree n, up to K -isomorphism; see [18] , [12] , [15] . We will denote the central simple algebra corresponding to an irreducible generically free PGL n -variety X (respectively, to an element α ∈ H 1 (K, PGL n )) by A X (respectively, by A α ). If φ : PGL n −→ PGL n is the automorphism given by g −→ (g −1 ) transpose then A φ * (α) is the opposite algebra A op α ; cf. e.g., [19, pp. 152-153] . In other words, A X φ = A op X . The following lemma gives a necessary and sufficient conditions for X and X φ to be birationally isomorphic over K .
Lemma 5.1.
Let X be an irreducible generically free PGL n -variety. Then the following conditions are equivalent.
(a) X and X φ are birationally isomorphic over 
PGLn . Our proof of Theorem 1.3 is based on the observation that if Aut k (K) = {1}, then X and X φ are isomorphic over k ⇐⇒ X and X φ are isomorphic over K ⇐⇒ A X has order 1 or 2 in the Brauer group of K . Thus in order to prove Theorem 1.3 it suffices to construct (i) a finitely generated field extension K/k such that Aut k (K) = {1} and (ii) a central simple algebra A/K of degree n and exponent n. These constructions are carried out in Lemmas 5.2 and 5.3 below.
Lemma 5.2.
For any field k there exists a smooth projective geometrically connected algebraic surface S/k such that S(k) = Ø which admits no non-trivial birational automorphisms. In other words, Aut k k(S) = {1}.
Proof.
According to [11] , there exist smooth projective geometrically connected curves C/k , of arbitrary genus g ≥ 3, such that the automorphism group of the extension C k to the algebraic closure of k is trivial. It is easy to see that all the examples constructed in [11] have rational points over k (for example, each has a rational point over the origin in P 1 k , and another one at infinity). Choose two such curves C 1 and C 2 , of genus g 1 and g 2 respectively, with g 1 < g 2 , and set S = C 1 × C 2 . By the Hurwitz formula every map from C 1 to C 2 is constant and every non-constant separable map from C i to itself is the identity.
We claim that every birational automorphism f : S S is trivial. To prove this, we may extend the base field to k , and assume that k is algebraically closed. Note that there are no rational curves in S , since there are no nonconstant maps from P 1 to C 1 or to C 2 . By the standard result on the resolution of indeterminacies of rational maps by sequences of blow-ups, we see that every rational map S S is in fact regular. Hence a birational isomorphism of S is a biregular isomorphism.
Since every morphism C 1 → C 2 is constant, we see that the composite S f − → S pr 2 − − → C 2 factors through the second projection pr 2 : S → C 2 to give a commutative diagram
Since pr 2 • f is smooth, g must be separable, so it is the identity. Then f sends each fiber pr
2 (y) C 1 isomorphically to itself; and each of these restrictions must be the identity. This implies that f is the identity, as claimed.
Let X be an algebraic variety over a field k of dimension d ≥ 2 with a smooth rational k -point, K its fraction field, n a positive integer not divisible by char(k) such that k contains all nth roots of 1. Then there exists a division algebra D/K of degree n and exponent n.
Let x ∈ X(k) be a smooth rational point; consider a system of local parameters t 1 , . . . , t d in the local ring O x (X) X,x ; here d = dim(X) = trdeg k (K) ≥ 2. We claim that the symbol algebra D = (t 1 , t 2 ) n , i.e., the K -algebra given by generators x 1 , x 2 and relations x n 1 = t 1 , x n 2 = t 2 , x 1 x 2 = ζx 2 x 1 has exponent n in Br(K). (Here ζ n is a primitive nth root of unity in k .)
To prove this, consider the completion Theorem 1.3 remains valid if the condition that k contains a primitive nth root of unity is replaced by the (weaker) condition that k contains a primitive mth root of unity for some divisor m of n such that m ≥ 3. The proof is the same, except that instead of the symbol algebra D = (t 1 , t 2 ) n of degree n and exponent n, we use the algebra M n/m (E) of degree n and exponent m, where E = (t 1 , t 2 ) m .
Remark 5.5. Theorem 1.3 fails for n = 2; indeed, A and A op are isomorphic over K for any central simple algebra A/K of degree 2. Alternatively, PGL 2 SO 3 , so if Theorem 1.3 were true for n = 2, it would contradict Proposition 4.4.
Further examples
In this section we will assume that G is a finite group and k is an algebraically closed field of characteristic zero. Proposition 6.1.
(a) For every finitely generated field extension K/k with K = k and every finite group G there exists a G-Galois extension L/K . Equivalently, there exists an irreducible G-variety X such that k(X) G = K . (b) Suppose Aut k (K) = {1} and φ : G −→ G is an outer automorphism of a finite group G. Then for every X , as in (a), the G-varieties X and X φ are not birationally isomorphic.
Proof.
(a) By the Riemann existence theorem there exists a G-Galois extension L 0 /k(t), where t is an independent variable. Hence, there exists a G-Galois extension L 1 /K(t), where L 1 = L ⊗ k(t) K(t). The Hilbert irreducibility theorem now allows us to construct a G-Galois extension L/K by suitably specializing t in K .
(b) Irreducible G-varieties X (up to birational isomorphism) such that k(X) G = K , are in 1-1 correspondence with G-Galois field extensions L/K . A birational isomorphism α : X X φ of G-varieties induces an isomorphism
Then α ∈ Gal(L/K) = G, and since the above diagram commutes, we have αg(l) = φ(g)α(l) for every g ∈ G and l ∈ L. In other words, φ(g) = αgα −1 , contradicting our assumption that φ is an outer automorphism.
